Electron emission from solids driven by two-color lasers provides great flexibility for the control of electron dynamics in ultrashort spatiotemporal scales due to the interference effect. Here, we construct an analytical model for the highly nonlinear photoelectron emission from a metal surface illuminated by two-color laser fields, by solving the time-dependent Schrödinger equation. The exact solution is valid for arbitrary harmonic orders, laser intensities, phase difference between two lasers, and metal work function and Fermi level. We find two-color lasers can strongly modulate both the electron energy spectra and the emission current up to 99%. Using the same input parameters, our theoretical prediction for the photoemission current modulation depth (93.9%) is almost identical to the experimental result (94%) in [M. Förster et al., Phys. Rev. Lett. 117, 217601 (2016)].
I. INTRODUCTION
Laser-induced electron emission from solids [1] [2] [3] [4] [5] [6] [7] [8] offers a platform to coherently control electron dynamics in ultrashort spatiotemporal scales [9] [10] [11] [12] [13] . It is fundamentally important to the advancement of ultrafast electron microscopes [14, 15] , tabletop particle accelerators and x-ray sources [16] , and future quantum nanocircuits [17] [18] [19] . The mechanisms of electron emission driven by a single-frequency laser have been extensively studied both theoretically [20] [21] [22] [23] [24] and experimentally [1] [2] [3] 25, 26] , including transition from multiphoton absorption to optical field emission [2] , electron emission energy distribution [3] , effects of carrier-envelope phase [25] , local nonuniform fields [4] , dc bias [1, 24] , and short pulse excitation [11] . Recently, two-color photoemission from nanotips driven by a fundamental and a weak second-harmonic laser pulse has been demonstrated experimentally [27, 28] , showing substantial emission current modulation. However, the underlying physics for the correlation between two-color laser fields and various electron emission processes is not well understood. The parametric dependence of the electron emission properties requires substantial further study.
Here, we present an analytical model for ultrafast electron emission from a metal surface driven by two-color lasers. By solving the time-dependent Schrödinger equation exactly, our solution is applicable for arbitrary fundamental and harmonic laser frequencies, laser intensities, phase delays, cathode work function and Fermi level. Various emission mechanisms such as multiphoton absorption, photon-induced over-barrier emission, strong optical field emission, and various combinations of them are all captured in a single formulation. We identify the condition for the maximum emission current modulation by superimposing a weak harmonic laser on a fundamental laser, showing excellent agreement with the experimental observation [27] . This work provides clear insights to control both the photoelectron energy distribution and the current modulation depth using two-color lasers. * Corresponding author: pz@egr.msu.edu
II. EXACT FORMULATION
Our one-dimensional (1D) model ( Fig. 1 ) assumes electrons with initial energy ε are emitted from the metal-vacuum interface at x = 0 under the illumination of two-color laser fields, F 1 cos(ωt ) and F 2 cos(βωt + θ ), where F 1 and F 2 are the magnitudes of the laser fields, ω is the fundamental laser frequency, β is a positive integer, and θ is the relative phase. We assume both laser fields are perpendicular to the metal surface, and cut off abruptly at the surface [24] . The sudden screening of external fields may be justified, because the laser penetration depth (i.e., skin depth) is typically much smaller than the laser wavelength (e.g., for the gold, the skin depth of an 800-nm laser wavelength is around 4 nm) [24] . For simplicity, the scattering effects of photoexcited electrons with phonons and other electrons, which may happen in the penetration depth, are also ignored in our model. A timevarying potential barrier would be created by the two laser fields at the metal-vacuum interface x = 0,
where V 0 = E F + W ; E F and W are the Fermi energy and work function of the metal, respectively; and e is the elementary charge. To make the analytical treatment feasible, image charge effects [29] are not included in Eq. (1). However, our previous work [24] demonstrated a very good approximation to include the image charge potential in our model, by simply replacing the work function W with the effective work function due to Schottky barrier lowering.
The electron wave function ψ (x, t ) is solved from the time-dependent Schrödinger equation,
whereh is the reduced Plank constant, m is the electron mass, and (x, t ) is the potential energy given in Eq. (1). FIG. 1. Photoemission under illumination of two-color laser fields. (a) Energy diagram for electron emission through a wiggling potential barrier induced by two-color laser fields across the metal-vacuum interface at x = 0. Electrons with initial energy of ε are excited to emit through n-photon absorption, with a transmitted energy of ε + nhω, with n being an integer. The fundamental and the harmonic laser fields are F 1 cos(ωt ) and F 2 cos(βωt + θ ), respectively. E F and W are the Fermi energy and work function of the metal, respectively. Strong interference is shown in the time-dependent total laser field F = F 1 cos(ωt ) + F 2 cos(βωt + θ ) as a function of (b), relative laser fields strength An exact solution to Eq. (2) for x 0 is obtained (see Appendix for more details),
where
and ε is the electron initial energy. Because of the time periodicity, Eq. (3) represents the superposition of transmitted electron plane waves with energies ε + nhω, due to multiphoton absorption (n > 0), tunneling (n = 0), and multiphoton emission (n < 0) [21, 24] .
For x < 0, the solution to Eq. (2) is
which denotes the superposition of an incident wave and a set of reflected waves, where
and R n is the reflection coefficient. It has been verified that most of the reflected current is through the initial energy level (n = 0) [24] . By matching the solutions in Eqs. (3) and (4) from the conditions that both ψ (x, t ) and ∂ψ (x, t )/∂x are continuous at x = 0, and taking the Fourier transform, we obtain, in nondimensional quantities [24] 
where δ(l) is the Dirac delta function, and P n(n−l) , and Q n(n−l) are given by
withĒ n =ε + nω −Ē F −Ū p1 −Ū p2 − 1. In Eq. (6b), p n and z n denote the phase factor of the wave function in the nth state and of its spatial derivative atx = 0, respectively. P nl and Q nl are the lth Fourier coefficients 165442-2 of p n and the product of p n and z n , respectively. The transmission coefficient T n (and therefore the reflection coefficient R n ) is obtained from Eq. (5). The emission current density is then calculated from the probability current density
The normalized emission current density, defined as the ratio of the transmitted probability current density over the incident probability current density, w(ε, x, t ) = J t (ε, x, t )/J i (ε, x, t ), is found in nondimensional form as
sin(βωt + θ ). The normalized time-averaged emission current density is found to be
where w n represents the emission current density through the nth channel, with emitted electrons of energy ε + nhω due to the n-photon contribution. Since most of the electrons emitted from sources are located near the Fermi level [21, 24, 30, 31] , we take the initial electron energy ε = E F for the calculations in this paper. Figure 2 shows the photoelectron energy spectra, under different two-color laser fields F 1 (at frequency ω) and F 2 (at second harmonic 2ω), for various phase differences θ between two laser fields, calculated from Eq. (8) . The wavelength of the fundamental laser is 800 nm (hω = 1.55 eV). The metal is assumed to be gold [2, 21, 31] , with Fermi energy E F = 5.53 eV and the work function W = 5.1 eV. Unless mentioned otherwise, these are the default values for the calculations in this paper. The dominant emission process is the four-photon absorption (n = 4) for the fundamental laser (or two-photon absorption for the second-harmonic laser), where electrons at the Fermi level need to absorb at least four photons to overcome the potential barrier (W/hω = 3.29) (cf. Fig. 1 ). For n < 4, the emission probability is identically zero. When the two laser fields are in phase (θ = 0), the photoelectron emission spectrum becomes broader and the total emission current density w = n w n increases when either F 1 or F 2 increases, since more channels open up for electron emission. When F 1 is small [see Fig. 2(a) ], the emission spectrum is very close to that driven by the second-harmonic laser F 2 alone, indicating F 2 dominates the emission process. As F 1 increases [from Fig. 2(a) to Fig. 2(e) ], the emission spectrum gradually transits to that driven by F 1 alone, indicating the laser field dominating the emission process changes from F 2 to F 1 . During the transition process, the competition between F 1 and F 2 for dominating the electron emission causes the dip in Fig. 2(c) . In Figs. 2(d) and 2(e), the dip shifts to larger n as F 1 increases, due to the channel closing effect [21, 24] . When either F 1 = 0 or F 2 = 0, the results recover those of single-frequency laserinduced photoemission [21, 24] . the emission spectra can be greatly modified as θ changes, due to the interference effect between the two lasers. For example, when θ changes from π/2 to 3π/2, the emission process with the highest probability shifts from the four-photon (n = 4) to five-photon (n = 5) absorption. Figure 3 shows the normalized total time-averaged emission current density w under various combinations of F 1 and F 2 , for the phase differences θ = 0 and π . In Figs. 3(a) and 3(b), when F 2 is small (F 1 /F 2 > 10), w is insensitive to F 2 , because the fundamental laser F 1 dominates the emission process. As F 2 increases, the current density gradually approaches the scale w ∝ F [see Fig. 3(a) ], indicating strong interference effects between the two lasers. The interference effect is also reflected in that the total current density w with F 1 = 1 V/nm changes from being larger than w with F 1 = 0 (i.e., by F 2 only) to being smaller [see the green and dark blue lines in Figs. 3(a) and  3(b) ]. The sharp drops of w at F 2 = 13 V/nm in Figs. 3(a) and 3(b) are due to the channel closing effect [21, 24] , which is accurately predicted by taking E 4 = ε + 4hω − E F − W − U p1 − U p2 = 0, giving F 2 = 12.4 V/nm. Similar behaviors of w as a function of F 1 are observed in Figs. 3(c) and 3(d) .
III. RESULTS AND DISCUSSION
The total time-averaged emission current density w as a function of θ is shown in Figs. 4(a)-4(c) , for various 2ω laser field F 2 with fixed F 1 = 1.6 V/nm. The total emission current density w oscillates as a sinusoidal function of θ , showing striking resemblance to the experimentally measured emission current (see Fig. 2(b) in Ref. [27] ). As F 2 decreases, the maximum and minimum of w both decrease, but the corresponding θ for the maximum and minimum w remain almost unchanged. The modulation depth, defined as = ( w max − w min )/( w max + w min ), reaches a maximum value of approximately 99% when F 2 /F 1 = 0.1375 (or intensity ratio of 2%). For tungsten and the fundamental laser wavelength of 1560 nm (not shown in Fig. 4 ) as in Ref. [27] , we obtain the modulation depth of 95.5% and of 93.9%, when setting the work function in Eq. (1) to be 4.3 eV and 3.6 eV (effective work function with Schottky effect), respectively. The latter is almost identical to the experimentally measured modulation depth of 94% in Ref. [27] . Despite the excellent agreement between the theoretical predictions and the experiments, we should stress that our model assumed a one-dimensional flat metal surface, whereas the experiment used a nanometer scale sharp emitter [27] . The sharpness of the emitter may introduce varying field enhancement and the Schottky lowering factor along the emission surface, nonuniform off-tip electron emission [32] , and even quantized energy levels inside the emitter [33] . In addition, our model neglects the image charge potential, laser pulse shape, laser penetration depth, incident electron energy distribution inside the metal, and surface effects (e.g., local surface roughness, grain boundaries, and different crystal plane terminations). As F 2 further decreases, drops. When F 2 reaches 0, w becomes a constant, with zero as expected, as shown in Fig. 4(c) . Figure 4 (d) compares the electron energy spectra at the peak and valley of the current modulation for F 2 /F 1 = 0.1375, where the dominant emission process shifts from four-photon to five-photon absorption. Figure 4 (e) summarizes the modulation depth as a function of F 2 /F 1 , for different strengths of the fundamental ω laser field F 1 . As the ω laser field F 1 increases, the location of the peak modulation depth shifts to larger F 2 /F 1 , since a larger 2ω laser field F 2 is needed to balance the increase of F 1 for achieving the same modulation depth. Figure 5 shows the time-dependent electron emission current density w(x, t ) as a function of the spacex and time t, for ω laser field F 1 = 1.6 V/nm and 2ω laser field of laser fields [24] . As the phase difference θ varies from 0 to π , w(x, t ) becomes significantly smaller, due to the interference effect of the two lasers, which also causes the total time-averaged emission current density w to decrease FIG. 6 . Effects of the harmonic order. The emission current modulation depth , the maximum and minimum time-averaged current density, w max and w min , as a function of harmonic order β. The fundamental laser field F 1 and the harmonic laser field F 2 are 1.6 and 0.22 V/nm, respectively (intensity ratio of 2%). from 5.23 × 10 −10 to 7.31 × 10 −11 . Figures 5(c) and 5(d) show the total emission current density w(t ) atx = 100 as a function of time t. It is shown that w(t ) and the total laser field F (t ) have a clear phase shift, which means the peak value of time-dependent total emission current density does not occur at the peak value of the total incident laser field. As the phase difference θ changes, the temporal profile of the emission current density w(x, t ) for a fixedx also has a phase shift due to the interference effect between the two lasers. The full width at half maximum (FWHM) of the modulation of the ultrafast current pulses in Fig. 5 is approximately 0.62 fs, which is significantly shorter than the period of the fundamental laser period of 2.67 fs. Figure 6 shows the effects of higher harmonic F 2 (β > 2) on the emission current modulation depth . As β increases, decreases, because of reduced interference between the two-color lasers [see Fig. 1(d) ]. Note that superimposing the fourth-harmonic laser (β = 4) on the fundamental laser leads to the largest w max and w min . This is in agreement with the prediction [24] that the maximum emission current occurs when the single-photon energy (i.e., the fourth-harmonic photon here) roughly equals the potential barrier, 4hω/W ≈ 1.
IV. CONCLUSION
In summary, we have constructed an analytical model for ultrafast electron emission from a metal surface due to twocolor lasers, by solving the time-dependent Schrödinger equation exactly. A single formulation captures various emission mechanisms, such as multiphoton absorption, photon-induced over-barrier emission, strong optical field emission, and various combinations of them. Our model demonstrates great tunability on the photoelectron spectrum, emission current, and current modulation depth, via the control of the phase delay, relative intensity, and harmonic order of the two-color lasers. We believe that such two-color induced photoemission can provide a promising way for ultrafast coherent control of electrons and may inspire a route towards designing of future ultrafast nanoelectronics.
Future research may consider the effects of band structure of the cathode material, electrode geometry and surface effects (e.g., local surface roughness, grain boundaries, different crystal terminations, etc.), space charge, dc bias, and short pulse illumination on two-color laser-induced electron emission. Image charge effects along with the Schottky barrier lowering due to additional dc bias will be studied. The effects of laser penetration depth and scattering effects of photoexcited electrons with phonons and other electrons will also be evaluated and compared with existing three-step models [20] . These studies could further facilitate the extension of our model to nonmetal cathodes (e.g., semiconductors and low-dimensional materials).
